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A theoretical formula is derived for the threshold current to switch a perpendicular magnetization
in a ferromagnet by the spin Hall effect. The numerical simulation of the Landau-Lifshitz-Gilbert
equation indicates that magnetization switching is achieved when the steady-state solution of the
magnetization in the presence of the current is outside an energetically unstable region. Based on the
numerical result, an analytical theory deriving the threshold current is developed by focusing on the
first-order perturbation to the unstable state. The analytical formula clarifies that the magnitude of
the magnetic field applied to the current direction should be larger than 15% of the perpendicular
magnetic anisotropy field, and the current is less than the derived threshold value.
PACS numbers:
I. INTRODUCTION
The theoretical predictions of the spin-transfer torque
effect in nanostructured ferromagnetic/nonmagnetic
multilayers have drastically changed our understanding
of the electron transport and magnetization dynamics
in the ferromagnet [1,2]. It provides various interest-
ing physics in condensed matter physics and nonlinear
science, such as spin-dependent transport in fine struc-
tures [3] and a switching and limit cycle of magnetiza-
tion [4]. In addition, since the current necessary to ex-
cite the dynamics decreases with decreasing the volume
of the ferromagnet, the spin-transfer torque effect has
also attracted much attention from an applied physics
viewpoint [5]. The magnetization switching by the spin-
transfer torque is particularly important for both fun-
damental and applied physics. Whereas it had been
first confirmed in current-perpendicular-to-plane metal-
lic [6] and highly resistive [7] systems, the magnetization
switching in a current-in-plane system was also demon-
strated recently [8–12], where the spin-transfer torque is
excited by spin current generated by the spin Hall effect
in nonmagnetic heavy metals [13–15].
A key quantity for the magnetization switching is the
threshold current. Its theoretical formula for various sys-
tems has been derived by solving the Landau-Lifshitz-
Gilbert (LLG) equation using several approaches such as
linearization [16–19], the averaging technique [3,20,21], or
integration [22,23]. In particular, the threshold current
formula for the switching of a perpendicular magnetiza-
tion by the spin Hall effect was derived in Ref. [24], where
the formula was obtained by analyzing a steady-state so-
lution of the magnetization. Simultaneously, however, it
was clarified in Ref. [24] that the derived formula is limit-
edly applicable to the ferromagnet with a large damping
constant α(& 0.03) because of the complex dependence of
the threshold current on the damping constant for a small
α. This fact indicates the necessity of solving two issues.
The first one is to clarify the origin of the complex de-
pendence of the threshold current on α. The second one
is an extension of the theory to a small α limit because
typical ferromagnetic materials, such as CoFeB, used in
the spintronics devices have small damping constant on
the order of 10−3 [25–27].
In this paper, both numerical simulation and analytical
theory are performed on the switching of the perpendic-
ularly magnetized ferromagnet by the spin Hall effect.
The phase diagram of the magnetization state are ob-
tained by the numerical simulation of the LLG equation.
The result indicates that the complex dependence of the
switching current appears when the steady state of the
magnetization in the presence of the current is in an en-
ergetically unstable region. It is clarified that although
the formula in Ref. [24] is still applicable to the small
damping region, there is another boundary of the cur-
rent to achieve the switching with high accuracy. Based
on the numerical results, the theoretical formula of an-
other threshold current is derived. The new formula indi-
cates that the magnetization switching occurs when the
magnetization field larger than 15% of the perpendicular
magnetic anisotropy field is applied to the longitudinal
direction, combined with the fact that the magnitude of
the current is in the range between the threshold currents
derived in Ref. [24] and the present work.
II. SYSTEM DESCRIPTION AND NUMERICAL
RESULTS
In this section, we describe the system under consid-
eration, review the previous work briefly, and show the
results of the numerical simulations.
A. System description
The system we consider is schematically shown in Fig.
1. The ferromagnetic layer having the magnetization m
(|m| = 1) is placed on the nonmagnetic heavy metal. The
z axis is perpendicular to the plane, whereas the x axis is
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FIG. 1: Schematic view of the system. The ferromagnet
having the magnetization vector m (|m| = 1) is placed on
the nonmagnet. The current density j and external field Hx
are applied to the bottom nonmagnet and the ferromagnet,
respectively, in the x direction. The spin current having the
spin polarization along the y direction is injected into the
ferromagnet by the spin Hall effect.
parallel to the direction of the electric current density j
in the nonmagnet. An external field Hx is also applied to
the ferromagnet along the longitudinal (x) direction. The
magnetization dynamics in the ferromagnet is described
by the LLG equation,
dm
dt
= −γm×H− γHsm× (ey ×m) +αm× dm
dt
, (1)
where γ and α are the gyromagnetic ratio and the Gilbert
damping constant, respectively. The magnetic field is
given by
H = Hxex +HKmzez, (2)
where HK is the net magnetic anisotropy field along the
z direction. Since we are interested in a perpendicularly
magnetized ferromagnet, HK should be positive. For the
latter discussion, it is useful to introduce the magnetic en-
ergy density E as E = −M ∫ dm·H, whereM is the satu-
ration magnetization. Note that the energy density E has
two minima corresponding tom0+ = (sinΘ, 0, cosΘ) and
m0− = (sinΘ, 0,− cosΘ), where Θ = sin−1(|Hx|/HK).
Throughout this paper, we assume that the initial state
of the magnetization is located at m0+, for convention,
which is close to +ez, whereas m0− is close to −ez. The
strength of the spin-transfer torque by the spin Hall effect
is
Hs =
~ϑj
2eMd
, (3)
where ϑ is the spin Hall angle of the nonmagnetic heavy
metal, whereas d is the thickness of the free layer. The
values of the parameters used in this work are derived
from Ref. [19] as M = 1500 emu/c.c., HK = 540 Oe,
ϑ = 0.1, d = 1.0 nm, γ = 1.764 × 107 rad/(Oe s), and
α = 0.005. Note that the value of the damping constant
is similar to that of CoFeB [26,27], and is one order of
magnitude smaller than the value assumed in the previ-
ous theoretical analysis [24].
B. Brief review of previous work
For the following discussion, it is useful to briefly re-
view the derivation of the threshold current in Ref. [24].
Reference [24] uses the fact that the solution of the LLG
equation in the presence of the current finally saturates
to a fixed point. In terms of the zenith and azimuth an-
gles (θ, ϕ), defined as m = (sin θ cosϕ, sin θ sinϕ, cos θ),
the LLG equation in a steady state is given by
Hx sinϕ+Hs cos θ sinϕ = 0, (4)
HK sin θ cos θ −Hx cos θ cosϕ−Hs cosϕ = 0. (5)
It is also assumed in Ref. [24] that the magnetization
moves from the stable state to the x direction where
my = 0, or equivalently, ϕ = 0, when the current is
injected. Then, Eq. (4) becomes self-evident, whereas
Eq. (5) gives a threshold current
jc± = ±2eMd
~ϑ
HK
∓3h+√8 + h2
16
×
√
8∓ 2h
(
±h+
√
8 + h2
)
,
(6)
where h = Hx/HK. The physical meaning of the thresh-
old here is that the magnetization cannot stay in a hemi-
sphere with my = 0 when the current magnitude exceeds
Eq. (6); see Appendix A.
C. Numerical simulation
Now let us show the numerical solutions of Eq. (1).
Figures 2(a), 2(b), and 2(c) are the phase diagram ofmx,
my, and mz, respectively. These steady-state solutions,
satisfying dm/dt = 0, are determined by the first and
second terms on the right-hand side of Eq. (1). When the
current magnitude is small and thus, the magnetization
stays near the initial state, the magnetization lies in the
xz plane because H+Hsey×m in Eq. (1) becomes zero
in case the magnetization is in the plane. On the other
hand, when the current magnitude is large and thus the
magnetization moves far away from the z axis, m moves
to the y direction because the spin polarization of the
incoming spin current points to this direction.
The phase diagram in Fig. 2 is divided into three re-
gions, labeled I, II, and III in Fig. 2(c). The first one
locates near the zero-current region, where the magneti-
zation stays close to the initial state, mz ≃ 1. The second
region appears when the applied field exceeds a certain
value, which is about 80 Oe, in which the magnetization
moves close to the switched state, mz ≃ −1. The third
region corresponds to the other region where the mag-
netization stays near the xy plane, where mz ≃ 0. The
solid lines in Fig. 2 correspond to those of Eq. (6). It
can be seen from these figures that the formula, Eq. (6),
provides a reasonable estimation of the lower boundary
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FIG. 2: The steady state solutions of (a) mx, (b) my, and (c) mz as functions of the in-plane magnetic field Hx and the
current density j. The dynamical phase is divided into three regions, labeled as I, II, and III in (c). The theoretical formulas
of the threshold current, Eq. (6) and (9), are shown by the solid and dotted lines; see labels in (a).
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FIG. 3: (a) The steady state of mz after turning off the
current. The field Hx is fixed to 200 Oe in (b).
of the instability threshold, i.e., the magnetization stays
in the first region, which is near the initial stable state
(mz ≃ 1), when the current magnitude is less than Eq.
(6). However, the formula cannot distinguish between
the second (mz ≃ −1) and third (mz ≃ 0) regions.
We should note that the experimental study often in-
vestigates the magnetization state after turning off the
current. Therefore, we also attempt to calculate the
relaxed state of the magnetization after the current is
turned off, as shown in Fig. 3(a). It is revealed that the
magnetization switches to the stable pointm0− when the
magnetization in the presence of the current stays in re-
gion II in Fig. 2(c). On the other hand, when the magne-
tization was in region III, the relaxed state after turning
off the current becomes either m0+ and m0−, depending
on the values of j and Hx. Figure 3(b) illustrates such
deterministic and complex switching behavior by show-
ing the magnetization state as an example, in the case
where Hx is 200 Oe in Fig. 3(a). Here, for the current
density of −148 . j . 48 MA/cm2, the magnetization
returns to the initial state m0+. On the other hand, for
the current density of 48 < j . 148 MA/cm2, the mag-
netization definitely switches to the other stable state
m0−. However, outside these regions, the magnetization
relaxes to eitherm0+ andm0−. Such a complex behavior
of the relaxed state will be an origin of a back-hopping
in a high current region, which is recently studied in a
current-perpendicular-to-plane system [28,29].
D. Switching mechanism
To apprehend such a complex dependence of the relax-
ation state on the current and field, it is useful to study
the dynamics on the energy landscape of the energy den-
sity E. Figure 4(a) shows the energy landscape of the
present system, where the lines correspond to the con-
stant energy curves of E. There are two stable states,
m0+ and m0−, near ±ez. The highest energy state is
located at mu ≡ −ex. On the other hand, the point
ms ≡ +ex corresponds to the saddle point. For the sake
of convention, let us call the regions between m0± and
ms the stable regions and the region between ms andmu
the unstable region. Note that there are two boundaries
between the stable and unstable regions because of the
presence of two stable fixed points, m0±. We emphasize
that the complex switching behavior mentioned above
appears when the steady-state solution in the presence
of the current is located in the unstable region. Figures
4(b) and 4(c) show an example of such dynamics. In Fig.
4(b), the dynamic trajectory of the magnetization in the
presence of a current density of j = 160 MA/cm2 and
longitudinal field Hx = 50 Oe is shown. The magnetiza-
tion finally locates at a certain point inside the unstable
region. After the current is turned off, the magnetiza-
tion starts to precess around the negative x direction, as
shown in Fig. 4(c). This is because the torque due to
the magnetic field induces the precession on a constant
energy curve. Because of the presence of the damping
torque, however, the magnetization slowly relaxes to the
lower energy state. In the case of Fig. 4(c), the mag-
netization traverses the upper (mz > 0) boundary and
therefore is saturated to m0+. In this case, the switching
does not occur.
The result shown in Fig. 4 reveals the reason why the
large damping assumption was necessary in the previous
work [24]. Let us consider the case that the steady-state
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FIG. 4: (a) Energy landscape of the perpendicular ferromagnet in the presence of the external field Hx of 50 Oe along the x
direction. (b) The dynamic trajectory of the magnetization in the presence of the current density j = 160 MA/cm2. Starting
from the stable state m0+, the magnetization arrives at a point in an energetically unstable state. (c) The relaxation dynamics
of the magnetization after the current is turned off. Staring from the steady state in (b), the magnetization finally returns to
the stable state, m0+.
solution in the presence of the current locates inside the
unstable region, as shown in Fig. 4(b). When the damp-
ing constant is small, as in the case in Fig. 4(c), the mag-
netization undergoes many precessional oscillation before
traversing the boundary between the stable and unstable
regions. Which of the relaxed states, m0− or m0+, is ac-
complished is determined by whether the magnetization
traverses the lower or upper boundary between the sta-
ble and unstable region. It depends on many parameters
in the LLG equation, such as the damping constant and
the longitudinal field, as well as the steady state solution
in the presence of the current, which is the initial condi-
tion of the relaxation dynamics. Therefore, the current
and/or field dependence of the relaxation dynamics be-
comes complex, as can be observed in Fig. 3. Although
the relaxed state can be predicted deterministically from
the LLG equation in principle, it is difficult to obtain the
analytical solution due to the nonlinearity of the LLG
equation. On the other hand, when the damping con-
stant is large, the relaxation dynamics becomes fast. In
this case, the magnetization will traverse the boundary
between the stable and unstable state without showing
the precession around the negative x axis. Then, the
magnetization switches its direction accurately.
At the end of this section, we should mention that the
complex behavior of the relaxed state is not related to
chaos, contrary to the suggestion in Ref. [24]. As can
be seen in the derivation of Eq. (6) above, the magne-
tization dynamics in the present system is described by
two dynamical variables, θ and ϕ. On the other hand,
chaos is prohibited in a two-dimensional system, accord-
ing to the Poincare´-Bendixson theorem [30]. Therefore,
the complex dependence of the switched state on the cur-
rent and/or field cannot be explained by chaos theory.
III. THEORETICAL CONDITIONS FOR
SWITCHING
The above discussion indicates the existence of an-
other threshold current density to achieve the switching.
As mentioned, the complex switching behavior appears
when the steady state solution of the magnetization in
the presence of the current locates inside the energeti-
cally unstable region. In fact, comparing Figs. 2(b), 2(c),
and 3(a), we notice that the complex switching behavior
appears in region III, where my 6= 0, corresponding to
the unstable region. On the other hand, magnetization
switching occurs when the steady state solution satisfies
my ≃ 0, as shown in region II in Fig. 2. Therefore, we
will focus on a small perturbation, |δϕ| ≪ 1, in Eqs. (4)
and (5), where δϕ is a small deviation from ϕ = 0, pi.
Then, we obtain
(Hx +Hs cos θ) δϕ = 0, (7)
HK sin θ cos θ −Hx cos θ cosϕ−Hs cosϕ = 0, (8)
where cosϕ in Eq. (B2) should be −1 (+1) for ϕ = pi
(0). Solving Eqs.(B1) and (B2) with δϕ 6= 0, the current
density necessary to keep the magnetization mostly in
the stable region is given by (see Appendix B)
jth± =
2eMd
~ϑ
Hx
√
2
−h2 ± h√4 + h2 , (9)
where jth+(−) is defined for h > (<)0 The current den-
sity jth determines the boundary between |my| ≃ 0 and
|my| ≫ 0, which corresponds to the boundary between
the regions II and III in Fig. 2. In fact, Eq. (9) well ex-
plains the boundary found by the numerical simulation,
as shown by the dotted lines in Figs. 2 and 3.
The difference between Eqs. (6) and (9) is as follows.
Equation (6) is the threshold current density to keep the
5magnetization in the north hemisphere. When the cur-
rent magnitude becomes larger than |jc|, the magnetiza-
tion moves to the south hemisphere. However, Eq. (6)
does not provide any information as to whether my be-
comes small or large in the steady state. For a switch-
ing, the magnetization in the steady state should satisfy
|my| ≃ 0. Equation (9) determines the boundary be-
tween |my| ≃ 0 and |my| ≫ 0 (see Appendix B).
The above results clearly indicate the theoretical con-
ditions for the magnetization switching. The switching
occurs when the steady-state solution in the presence of
the current is in region II, as can be understood from
Figs. 2 and 3. The boundary between region I and other
regions is determined by Eq. (6), whereas the boundary
between region II and III is given by Eq. (9). Therefore,
the switching is achieved when the current density j is
in the range of jc ≤ j ≤ jth. Note that the condition
jc < jth is satisfied when
|h| > 0.147547... ≃ 0.15. (10)
Therefore, the magnitude of the applied field should
be larger than 15% of the perpendicular magnetic
anisotropy field for the switching to take place. It should
be emphasized that the results obtained here are appli-
cable even to materials with low damping constant.
The existence of the critical field, Eq. (10), for the de-
termining switching can also be understood from another
viewpoint. The dots depicted in Fig.s 5(a) and 5(b) show
the steady state solutions in the presence of the current
on the unit sphere, where the longitudinal field is (a)
Hx = 50 Oe and (b) 200 Oe. The constant energy curves
near the boundary between the stable and unstable states
are also shown by lines. Note that the critical field in the
present system is HK×0.147547... ≃ 80 Oe. For Hx = 50
Oe, corresponding to the field less than the critical field,
the steady-state solutions are inside the unstable region
or near the initial state (m ≃ +ez). In such a case, a
deterministic switching does not occur, as discussed in
Sec. II D. On the other hand, for Hx = 200 Oe, which
is larger than the critical value, some of the steady-state
solutions are located outside the unstable state and near
the switched state (m ≃ −ez). The deterministic switch-
ing becomes possible in this situation.
IV. CONCLUSION
In conclusion, the comprehensive theory for achieving
magnetization switching of the perpendicular ferromag-
net by the spin Hall effect was developed. The numerical
simulation of the Landau-Lifshitz-Gilbert equation indi-
cated that the switching occurs when the steady state
of the magnetization in the presence of the current stays
in the energetically stable state. The theoretical formula
of a threshold current was derived, which determines the
boundary of the deterministic switching. The formula
revealed that the magnitude of the magnetization field
applied to the ferromagnet should be larger than 15% of
the perpendicular magnetic anisotropy field.
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Appendix A: Derivation of jc
In this section, the derivation of jc± in the main text
is shown. For this purpose, it is useful to express the
Landau-Lifshitz-Gilbert (LLG) equation in terms of the
zenith and azimuth angle, (θ, ϕ), as
dθ
dt
= − γ
M sin θ
∂E
∂ϕ
− γHs ∂
∂θ
m · p− α sin θdϕ
dt
, (A1)
sin θ
dϕ
dt
=
γ
M
∂E
∂θ
− γHs
sin θ
∂
∂ϕ
m · p+ αdθ
dt
, (A2)
where the direction of the spin polarization p is the unit
vector in the y direction in the present case. The energy
density is given by
E = −MHxmx − MHK
2
m2
z
. (A3)
Therefore, the steady state solutions of (θ, ϕ), satisfying
dθ/dt = 0 and dϕ/dt = 0, are determined by Eqs. (4)
and (5).
Reference [24] assumes ϕ = 0 in Eq. (4). This assump-
tion is valid for the dynamics before the magnetization
reaches to the steady state with positive current j > 0
and field Hx > 0. However, the steady-state solution
satisfies ϕ = pi, as can be seen in Fig. 2(a). In addi-
tion, for the negative field case Hx < 0, the dynamics to
the steady state satisfies ϕ = pi. Therefore, instead of
assuming ϕ = 0, we introduce a parameter p = ±1 and
reconstruct Eq. (5) as
pHK sin θ cos θ −Hx cos θ = Hs. (A4)
Note that a function
f = (p sin θ − h) cos θ, (A5)
with h = Hx/HK has local minima and maxima at
sin θ =
1
4
(
ph+
√
h2 + 8
)
, (A6)
where we use sin θ ≥ 0 because, in the spherical coordi-
nate, 0 ≤ θ ≤ pi. Using the solution of sin θ, we also find
that
cos2 θ =
4− h2 − ph√h2 + 8
8
. (A7)
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FIG. 5: Steady state solutions in the presence of the current are shown by dots for (a) Hx = 50 Oe and (b) 200 Oe. The
constant energy curves near the boundary between the stable and unstable regions are shown by lines. The current changes
from −200 to 200× 106 A/cm2.
Substituting these solutions of sin θ and cos θ to the left-
hand side of Eq. (A4), the maximum and minimum cur-
rent densities j(∝ Hs) satisfying Eq. (5) are, depending
on the values of p = cosϕ = ±1 and cos θ, given by
jc1 =
2eMd
~ϑ
HK
(−3h+√8 + h2)
16
√
8− 2h
(
h+
√
8 + h2
)
, (cosϕ = 1, cos θ > 0) , (A8)
jc2 =
2eMd
~ϑ
HK
(
3h+
√
8 + h2
)
16
√
8 + 2h
(
−h+
√
8 + h2
)
, (cosϕ = −1, cos θ < 0) , (A9)
jc3 = −2eMd
~ϑ
HK
(−3h+√8 + h2)
16
√
8− 2h
(
h+
√
8 + h2
)
, (cosϕ = 1, cos θ < 0) , (A10)
jc4 = −2eMd
~ϑ
HK
(
3h+
√
8 + h2
)
16
√
8 + 2h
(
−h+
√
8 + h2
)
, (cosϕ = −1, cos θ > 0) . (A11)
Since we study the magnetization switching from the ini-
tial state close to +ez, the solutions of jc for cos θ > 0
give the condition for the magnetization switching. In
fact, Eq. (A8) and (A11) above are jc+ and jc− in Eq.
(6), respectively.
According to the derivation above, jc determines the
current density necessary to keep the magnetization in
the north (cos θ > 0) or south (cos θ < 0) hemisphere
withmy = 0. Reference [24] suggested that, above jc, the
magnetization abruptly moves to the region of my 6= 0.
We should, however, note that the current density jc does
not provide any information on the value of my. For ex-
ample, let us consider the case that the magnetization
initially stays in the north hemisphere. When the current
density becomes larger than jc1, the magnetization can-
not stay in the north hemisphere and moves to the south
sphere. This is the instability threshold studied in Ref.
[24]. However, the instability in the north hemisphere
does not necessarily mean my 6= 0. In fact, as studied
in Fig. 2, the magnetization can stay in the south hemi-
sphere with my = 0. If the current is turned off in this
situation, the magnetization relaxes to the stable state
close to the south pole, as a result of the relaxation dy-
namics. Therefore, to study the accuracy of the switch-
7ing, it is necessary to study whether |my| ≃ 0 or |my| ≫ 1
after the magnetization moves to the south hemisphere.
This boundary is determined by jth found in the present
work. The accurate switching occurs when the current
density is in the range of jc < j ≤ jth. When the current
density is larger than jth, the magnetization moves to the
region of |my| ≫ 1 because the spin polarization of the
spin current generated by the spin Hall effect points to
the y direction. The magnetization then stays in an en-
ergetically stable state, resulting in a complex switching
behavior after the current is turned off.
Appendix B: Derivation of jth
In this section, the derivation of jth± in the main text
is described. Let us consider a small perturbation, δϕ,
from ϕ = 0, pi in the LLG equation. Equations (4) and
(5) are rewritten as,
(Hx +Hs cos θ) δϕ = 0, (B1)
HK sin θ cos θ − pHx cos θ − pHs = 0, (B2)
where p = cosϕ ≃ ±1, up to the first order of δϕ, is
introduced in Appendix A. Note that we are interested
in the steady state solutions satisfying δϕ 6= 0. Using Eq.
(B1), Eq. (B2) can be rewritten as
HK
(
1− sin2 θ)+ pHx sin θ = 0. (B3)
Therefore, the steady state solution of sin θ with δϕ 6= 0
is given by
sin θ =
ph+
√
h2 + 4
2
, (B4)
where we use sin θ ≥ 0 again for the spherical coordinate.
The current densities satisfying δϕ 6= 0 and |δϕ| ≪ 1 are,
depending on the values p = cosϕ ≃ ±1 and the sign of
cos θ, obtained from Eq. (B1) as
jth1 =
2eMd
~ϑ
Hx
√
2
−h2 + h√4 + h2 , (ϕ = pi, cos θ < 0) , (B5)
jth2 =
2eMd
~ϑ
Hx
√
2
−h2 − h√4 + h2 , (ϕ = 0, cos θ < 0) , (B6)
jth3 = −2eMd
~ϑ
Hx
√
2
−h2 + h√4 + h2 , (ϕ = pi, cos θ > 0) , (B7)
jth4 = −2eMd
~ϑ
Hx
√
2
−h2 − h√4 + h2 , (ϕ = 0, cos θ > 0) . (B8)
When cos θ < 0, the magnetization after turning off the
current relaxes to the switched state close to −ez. There-
fore, Eqs. (B5) and (B6) provide the accurate switching
condition. In fact, jth1 and jth2 defined above are jth+
and jth− in Eq. (9), respectively.
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